Abstract. Lagrangian submanifolds in strictly nearly Kähler 6-manifolds are related to special Lagrangian submanifolds in Calabi-Yau 6-manifolds and coassociative cones in G2-manifolds. We prove that the mean curvature of a Lagrangian submanifold L in a nearly Kähler manifold (M 2n , J, g) is symplectically dual to the Maslov 1-form on L. Using relative calibrations, we derive a formula for the second variation of the volume of a Lagrangian submanifold L 3 in a strictly nearly Kähler manifold (M 6 , J, g). This formula implies, in particular, that any formal infinitesimal Lagrangian deformation of L 3 is a Jacobi field on L 3 . We describe a finite dimensional local model of the moduli space of compact Lagrangian submanifolds in a strictly nearly Kähler 6-manifold. If (M 6 , J, g) is analytic, for instance the sphere S 6 with the standard nearly Kähler structure, we analyze sufficient conditions for a formal infinitesimal Lagrangian deformation to be smoothly obstructed or smoothly unobstructed. As a result, we prove that the geodesic Lagrangian sphere S 3 and the "squashed" Lagrangian sphere L 3 1 in the standard nearly Kähler sphere S 6 are rigid up to the motion of the automorphism group G2 of S 6 .
Introduction
Nearly Kähler manifolds have been appeared first time in Gray's work [9] in the connection with Gray's notion of weak holonomy. Nearly Kähler manifolds represent an important class in the 16 classes of almost Hermitian manifolds (M 2n , J, g) classified by Gray and Hervella [11] . Let us recall the definition of a nearly Kähler manifold (M 2n , J, g). Let ∇ LC denote the Levi-Civita covariant derivative associated with the Riemannian metric g. Kähler respectively strict nearly Kähler manifolds [17, 30] . Furthermore, a de Rham type decomposition of a strictly nearly Kähler manifold is found by Nagy [31] , where the factors of the decomposition are of the following types: 3-symmetric spaces, twistor spaces over quaternionic Kähler manifolds of positive scalar curvature, and strictly nearly Kähler 6-manifolds. 2. It is easy to see that if (M 2n , J, g) is a nearly Kähler manifold of constant type λ, then (M 2n , J, λ −1/2 g) and (M 2n , −J, λ −1/2 g) are nearly Kähler manifolds of constant type 1.
On an almost Hermitian manifold (M 2n , J, g) the fundamental 2-form ω, defined by ω(X, Y ) := g(JX, Y ), measures the connection between the almost complex structure J and the Riemannian metric g. A submanifold L n ⊂ (M 2n , J, g) is called Lagrangian, if ω| L n = 0. As in symplectic geometry, the graph of a diffeomorphism of M 2n that preserves ω is a Lagrangian submanifold in the almost Hermitian manifold (M 2n ×M 2n , J ⊕(−J), g ⊕g).
If (M 2n , J, g) is Kähler, then ω is symplectic. Lagrangian submanifolds in Kähler manifolds have been studied in the context of calibrated geometry [12] and of relative calibrations [19] , [20] , in the investigation of the Maslov class [29] , [22] , of the variational problem [19] , [32] , [36] , [38] , and of the deformation problem/ moduli spaces [3] , [27] , [14] , [38] , [2] , etc. The literature on the subject is vast, and the authors omit the name of many important papers in the field.
The relation between nearly Kähler manifolds (M 2n , J, g) and Riemannian manifolds with special holonomy is best manifested in dimension 2n = 6. In dimension 6, a nearly Kähler manifold is either a Kähler manifold or a strictly nearly Kähler manifold [10, Theorem 5.2] . It is known from Baer's work [1] that a cone without singular point over a strictly nearly Kähler manifold (M 6 , J, g) is a 7-manifold with G 2 -holonomy. It is not hard to see that the cone over a Lagrangian submanifold L 3 in a strictly nearly Kähler manifold (M 6 , J, g) is a coassociative cone in CM 6 . Thus the study of strictly nearly Kähler 6-manifolds and their Lagrangian submanifolds are essential for the study of singular points of G 2 -folds as well as for the study of singular points of coassociative 4-folds. Furthermore, special Lagrangian submanifolds in Calabi-Yau 6-manifolds could be treated as as a limit case of Lagrangian submanifolds in nearly Kähler manifolds when the type constant λ goes to zero (Remarks 2.5, 3.15). We also note that Lagrangian submanifolds in the standard nearly Kähler manifold S 6 are found to be intimately related to holomorphic curves in CP 2 and they present extremely rich geometry [6] , [25] , [5] .
In this paper we study Lagrangian submanifolds L 3 in strictly nearly Kähler 6-manifolds (M 6 , J, g) in two aspects: the variation of the volume functional and Lagrangian deformations of L 3 . Since L 3 are minimal submanifolds in (M 6 , J, g) (Corollary 3.6), these two aspects are related to each other. In particular, results from theory of minimal submanifolds are applicable to Lagrangian submanifolds in strictly nearly Kähler 6-manifolds, for instance see the proof of Theorem 4.15.
Our paper is organized as follows. In section 2 we collect some important results on the canonical Hermitian connection on nearly Kähler manifolds. In section 3, using a Lê's result [19] , we establish a relation between the Maslov 1-form and the mean curvature of a Lagrangian submanifold in a nearly Kähler manifold (M 2n , J, g) (Proposition 3.3) and show its consequences (Corollaries 3.4, 3.6). If (M 2n , J, g) is a strictly nearly Kähler 6-manifold, we derive a simple formula for the second variation of a Lagrangian submanifold in (M 6 , J, g) using relative calibrations (Theorem 3.9). This formula implies, in particular, that any formal infinitesimal Lagrangian deformation is a Jacobi field, generalizing a result obtained by McLean for special Lagrangian submanifolds (Corollary 3.13, Remarks 3.14, 3.15, 3.16). In section 4 we study smooth deformations of compact Lagrangian submanifolds L 3 in strictly nearly Kähler 6-manifolds (M 6 , J, g). We prove that [ω] ) of all diffeomorphisms g of a strictly nearly Kähler manifold (M 6 , J, g) that preserves the fundamental 2-form ω in its conformal class, g * (ω) = e f ω for some f ∈ C ∞ (M 6 ), is a finite dimensional Lie group.
We prove that any smooth Lagrangian deformation of a Lagrangian submanifold L 3 in an analytic strictly nearly Kähler 6-manifold can be written as a convergent power series (Theorem 4.11). As a result, we derive sufficient conditions for a formal infinitesimal Lagrangian deformation to be smoothly obstructed or smoothly unobstructed (Proposition 4.12, Lemma 4.13). Finally, using the developed theory we prove that the geodesic Lagrangian sphere S 3 and the "squashed" Lagrangian sphere L 3 1 in the standard nearly Kähler sphere (S 6 , J 0 , g 0 ) are rigid up to the motion by the automorphism group G 2 of (S 6 , J 0 , g 0 ) (Theorems 4.15, 4.18). We finish our paper with Conjecture 2, generalizing the rigidity of the Lagrangian spheres in S 6 to other cases of homogeneous Lagrangian submanifolds in (S 6 , J 0 , g 0 ).
Geometry of nearly Kähler manifolds
In this section we collect some important results on the canonical Hermitian connection on nearly Kähler manifolds (Propositions 2.1, 2.2) and derive an important consequence (Corollary 2.3), which plays a central role in the geometry of strictly nearly Kähler 6-manifolds (Proposition 2.4, Remark 2.5).
2.1. The canonical Hermitian connection. Let U (M 2n ) denote the principal bundle consisting of unitary frames (e 1 , Je 1 , · · · , e n , Je n ) over an almost Hermitian manifold (M 2n , J, g). Denote by {e * i , (Je i ) * } the dual frames. Then {θ i := e * i + √ −1(Je i ) * } is the canonical C n -valued 1-form on U (M ). Let α be a unitary connection 1-form on U (M ) and T its torsion 2-form. The Cartan equation for α, and T [16, Chapter IX, §3] [19, §3] is expressed as follows
where Ω is the curvature tensor of α.
) be an almost Hermitian manifold. There exists a unique unitary connection 1-form α on U (M 2n ) such that its torsion tensor T is a two-form of type (2, 0) + (0, 2).
The canonical torsion of a nearly Kähler manifold (M 2n , J, g) is skewsymmetric. This fact plays an important rolle in our study of (M 2n , J, g). Moreover we have the following (
We shall derive from Proposition 2.2 the following Proof. We use the fact that the nearly Kähler condition is equivalent to the following condition [11, Theorem 3.1]
, we obtain immediately the first assertion of Corollary 2.3. The second assertion follows from the first one, taking into account the fact that T is a 2-form of type (2, 0) + (0, 2).
2.2.
Strictly nearly Kähler 6-manifolds. Among nearly Kähler manifolds the class of strictly nearly Kähler 6-manifolds are most well-studied. By rescaling the metric g (Remark 1.2) we can assume that the metric is of constant type 1, i.e.
This together with Proposition 2.2.3 and Corollary 2.3 imply that the U (3)-structure on strictly nearly Kähler 6-manifolds is reduced to a SU (3)-structure, since dω is no-where vanishing. By Corollary 2.3 dω is of type (3, 0) + (0, 3). Comparing (2.3) with (2.2) we conclude that dω is of comass 3. Thus we obtain immediately the following Proposition 2.4. Assume that (M 6 , g, J) is a strictly nearly Kähler manifold with constant type 1 (cf. (2.3) ). Then 1 3 dω is a special Lagrangian calibration. In particular, (M 6 , g, J) has a SU (3)-structure.
In [1, §7] Baer constructed a 3-form ϕ on the cone CM 6 = M 6 × r 2 R + supplied with the warped Riemannian metricḡ = r 2 g + dr 2 over a strictly nearly Kähler 6-manifold (M 6 , J, g) of constant type 1. We identify M 6 with M 6 × {1} ⊂ CM 6 . The form ϕ on CM 6 is defined by [ 
Since dω is of type (3, 0) + (0, 3) and of comass 3, for any x ∈ M 6 there is a local unitary basis ((e 1 ) * , (
In this basis, rewriting dr = e 7 and abbreviating ε ijk = e i ∧ e j ∧ e k , we have
Clearly, dϕ = 0. Baer also showed that d * ϕ = 0. Thus ϕ is a 3-form of G 2 -type and of comass 1 (cf. (4.45) ). In particular, ϕ (resp. * ϕ) is an associative (resp. coassociative) calibration on CM 6 . Furthermore, d * ϕ = 0 implies the second relation in (2.6) for λ = 1.
Remark 2.5. By the above discussion, a nearly Kähler 6-manifold (M 6 , J, g, ω) of constant type λ satisfies the following equation (cf. [4, §4] )
Thus, a Calabi-Yau 6-manifold can be regarded as an almost strictly nearly Kähler manifold with λ = 0.
Variation of the volume of Lagrangian submanifolds
In this section we introduce the notion of the Maslov 1-form µ(L) of a Lagrangian submanifold L in a Hermitian manifold (M 2n , J, g) and relate this notion with the classical notion of the Maslov class of a Lagrangian submanifold in (R 2n , ω 0 ) (Remark 3.2). Then we prove that µ(L) is symplectically dual to the twice of the mean curvature H L of a Lagrangian submanifold L in a nearly Kähler manifold (M 2n , J, g) (Proposition 3.3) and derive its consequences (Corollaries 3.4, 3.6). Using relative calibrations, we prove a simple formula for the second variation of the volume of a Lagrangian submanifold in a strictly nearly Kähler 6-manifolds (Theorem 3.9) and discuss its consequences (Corollary 3.13, Remarks 3.14, 3.15, 3.16). We discuss the relation between the obtained results with known results (Remark 3.8, 3.15, 3.16).
3.1. Maslov 1-form and minimality of a Lagrangian submanifold in a nearly Kähler manifold. Let L be a Lagrangian submanifold in an almost Hermitian manifold (M 2n , J, g) and (α i j ) the canonical Hermitian connection 1-form on U (M 2n , J, g). The Gaussian map g L sends L to the Lagrangian Grassmanian Lag(M 2n ) of Lagrangian subspaces in the tangent bundle of M 2n . Denote by p :
We recall the following fact 
In this case it is well-known that the Maslov 1-form µ(L) is a closed 1-form and represents its Maslov index of a Lagrangian submanifold L [29] .
is symplectic dual to the minus twice of the mean curvature H L of a Lagrangian submanifold L in a nearly Kähler manifold (M 2n , J, g). Namely we have
Proof. By Proposition 2.2.2 the 1-form ik T ī ikθ k vanishes, where T is the torsion of the connection form α. Using [19, Lemmas 2.1, 3.1 and (3.6)], we obtain for any normal vector X to L
Since the curvature dγ form of the connection form γ is the Ricci form of a nearly Kähler manifold we obtain immediately In the remainder of this section we assume that L 3 is a Lagrangian submanifold in a strictly nearly Kähler manifold (M 6 , J, g). We also need to fix some notations. Set dz := dz 1 ∧ dz 2 ∧ dz 3 and α := Re dz, β := Im dz.
Lemma 3.5. Let ξ be a simple 3-vector in R 6 = C 3 and ω the standard compatible symplectic form on R 6 . Then
In a strictly nearly Kähler manifold (M 6 , J, g, ω) of constant type λ, using Remark 2.5, we also denote by α the 3-form (3λ) −1 dω and by β the 3-form (3λ) −1 T * . Lemma 3.5 implies that
In other words, depending on the orientation on L 3 , L 3 is a ±β-calibrated submanifold, see [19] , [20] . For x ∈ L 3 let ξ(x) denote the unit simple 3-vector associated with
(In [19] Lê showed that the formula (3.4) is equivalent to the formula (3.2).) Using (2.6), we obtain immediately that H L 3 = 0.
Corollary 3.6. Any Lagrangian submanifold L 3 in a strictly nearly Kähler 6-manifold (M 6 , J, g) is orientable and minimal. Hence its Maslov 1-form vanishes.
Remark 3.7. For the remainder of our paper we shall choose the orientation on Remark 3.8. The relation between the Maslov class and the minimality of Lagrangian submanifolds has been found for Lagrangian submanifolds in various classes of Hermitian manifolds [29] , [22] , [19] . Corollary 3.4 extends a previous result by Bryant [3] and partially extends a result by Lê in [19] . The minimality of Lagrangian submanifolds in a stricly nearly Kähler 6-manifolds has been proved by Schäfer and Smoczyk by studying the second fundamental form of L 3 in M 6 [38, §4] , extending a previous result by Ejiri [7] for M 6 = S 6 . The minimality of a Lagrangian submanifold L in a strictly nearly Kähler manifold M 6 can be also obtained from the minimality of the coassociative cone CL 3 ⊂ CM 6 .
Second variation of the volume of Lagrangian submanifolds.
The second variation of the volume of a minimal submanifold N in a Riemannian manifold M has been expressed by Simons [37] in terms of an elliptic second order operator I(N, M ) that depends on the second fundamental form of N and the Riemannian curvature on M , see also [21] , [33] . If L 3 is a Lagrangian submanifold in a strictly nearly Kähler manifold M 6 , we shall derive a simple formula for I(L 3 , M 6 ) that depends entirely on the intrinsic geometry of L 3 supplied with the induced Riemannian metric.
Theorem 3.9. Assume that (M 6 , J, g) is a strictly nearly Kähler manifold of constant type λ. Let V be a normal vector field with compact support on a Lagrangian submanifold L 3 ⊂ M 6 . Then the second variation of the volume of L 3 with the variation field V is given by
(3.5)
be a variation of L 3 generated by the vector field V . Set ξ t (x) := (φ t ) * (ξ(x)). We observe that, to compute the second variation of the volume of L 3 , using Lemma 3.5 and the minimality of L 3 , it suffices to compute the second variation of the integral over L 3 of
Namely, using the observation that for all x ∈ L 3 (3.6) |ξ 0 (x)| = 1 and
Proof. Since ω| L 3 = 0 we have for all i
By Proposition 4.2, taking into account the rescaling factor λ, see also [38, Theorem 8 .1], we have
Since the RHS of (3.9) is a 2-form on L 3 , there exists an orthonormal basis
Using ω| L 3 = 0 and the expression of the RHS of (3.9) in this basis, we obtain from (3.9)
Using again ω| L 3 = 0, we obtain Lemma 3.10 immediately from (3.8) and (3.10).
Proof. By Proposition 4.2 we have
Since α(ξ(x)) = 0, we obtain Lemma 3.11 from (3.11) immediately.
Lemma 3.12. We have
ii], which is also now called the first cousin principle), using the Cartan formula we have
for all x ∈ L 3 . By (3.4) the RHS of (3.12) vanishes. Since
Using the Cartan formula, we derive from (3.14)
, we obtain from (3.15), taking into ac-
Taking into account V ⌋(ω ∧ ω) = 2(V ⌋ω) ∧ ω and ω| L 3 = 0 we obtain from (3.16)
, we obtain Lemma 3.12 immediately from (3.17). Now let us complete the proof of Theorem 3.9. Using Lemma 3.5 we obtain from 3.7
Clearly Theorem 3.9 follows from (3.18) and Lemmas 3.10, 3.11, 3.12.
Using Corollary 4.3, we obtain immediately from Theorem 3.9 the following.
Corollary 3.13. 1. Any formal infinitesimal Lagrangian deformation with compact support of a Lagrangian submanifold L 3 in a strictly nearly Kähler manifold is a Jacobi field.
2. Assume that L 3 is a compact Lagrangian submanifold in a strictly nearly Kähler manifold (M 6 , J, g) and Remark 3.15. Letting λ go to zero, we obtain the formula for the second variation of the volume of a special Lagrangian submanifold L in a CalabiYau manifold M 6 with a variation field V which is normal to L: 
Deformations of Lagrangian submanifolds in strictly nearly
Kähler 6-manifolds
In this section we assume that L is a bounded submanifold if not otherwise stated. We prove that any C 1 -small smooth Lagrangian deformation of a Lagrangian submanifold L 3 in a strictly nearly Kähler 6-manifold is a solution of an elliptic first order PDE (Theorem 4.5) and hence the set of all Now assume that (M, J, g) is a Hermitian manifold and ω is the associated fundamental 2-form. If L is a Lagrangian submanifold, then L ω identifies a vector in N L (resp. a section s α ∈ Γ(N L)) with a covector in T * L (resp. a 1-form α ∈ Ω 1 (L)). With this identification we define a non-linear map
Note that F (α) = 0 if and only if the image (the graph) of Exp (s α ) is a Lagrangian submanifold in U (L). Hence we identify the set of all C 1 -small Lagrangian deformations of L with the set
There are two motivations which lead us to consider the equation F (α) = 0 instead of the simpler equation F 0 (α) := (Exp(s α )) * (ω) = 0 as in [38] . Firstly, the equation F (α) = 0 is the prolongation of the equation F 0 (α) = 0.
Secondly, if (M 6 , J, g) is strictly nearly Kähler, the equation F (α) = 0 looks similar to the equation for a coassociative deformation of the cone CL 3 in CM 6 , see (2.4), which will guide us in analyzing (4.1) later.
For the remainder of this section we assume that (M =
Proof. As we have remarked in subsection 2.2, using the same notations, at any given point x ∈ L 3 there exists a unitary basis (e i , Je i ) such that dω(x) = 3Re(dz 1 ∧dz 2 ∧dz 3 ) and ω = −Im(dz 1 ∧dz 1 +dz 2 ∧dz 2 +dz 3 ∧dz 3 ).
Since special Lagrangian planes in T x M 6 are transitive under SU (3)-action [12] , we can assume that T x L 3 is spanned by (Je 1 , Je 2 , Je 3 ). Denote by {(e 1 ) * , (Je 1 ) * , (e 2 ) * , (Je 2 ) * , (e 3 ) * , (Je 3 ) * } the dual frame to {e 1 , Je 1 , e 2 , Je 2 , e 3 , Je 3 }. Since ω(x), dω(x) and T x L 3 are invariant under the action SO(3) ⊂ SU (3) ⊂ Hom(T x M 6 ), we can assume further that β = c · (Je 1 ) * for some c ∈ R. Under this assumption Lemma 4.1 is verified easily. Recall that the orientation on L 3 is defined by the following equation
i.e. (Je 1 , Je 2 , Je 3 ) is an oriented frame. Then we have
what is required to prove.
, be a 1-parameter family of diffeomorphisms on U (L 3 ) with D 0 = Id that satisfy the following condition for all x ∈ L 3 and for all r ∈ [0, 1]
For instance, letD r : N L 3 → N L 3 be defined as follows
We set 
It follows from (4.4) and (4.7) that
Using the Cartan formula, we obtain from (4.6)
By definition (3.1), s β ⌋ω| L 3 = β. Using this, we deduce Lemma 4.2 from (4.9) and Lemma 4.1. 
Proposition 4.2 yields immediately the following Corollary 4.3, which has been obtained by Schäfer-Smoczyk by a different method. Recall that △
d = (d + d * ) 2 .
Set (∂F
Clearly any solution β of (∂F | 0 ) * (β) = 0 is also a solution of △ d (β) = 9β and
From now till the end of this paper we assume that L 3 is a compact submanifold.
We assume that a > 0. Then
Hence, for a > 0 we have
Furthermore we have
It follows that ( * d) preserves the space Ω 1 9 (L 3 ). Using (4.10) we obtain (4.12)
Moreover we have (4.13)
To prove Proposition 4.4, taking into account Corollary 4.3, it suffices to show the following inclusion
. By (4.12) a j = 0. Using (4.13) we obtain
9 it follows that a 2 i = 9 for all i. Thus a i = ±3. This proves (4.14) and completes the proof of Proposition 4.4.
The equation F (α) = 0 is an overdetermined equation: it is the restriction of an elliptic first order equation to a subspace as we shall see now. We shall add to F another parameter, so the new equation becomes elliptic. Set
Note that 
Hence df is a harmonic form. Since df is an exact 1-form and L 3 is compact, we have df = 0. Hence f is a constant and therefore α is a solution of the equation F (α) = 0. This proves Theorem 4.5.
Let us denote by Ω * exact (L 3 ) the space of exact forms on L 3 . We note that
. Thus, we also denote by F 1 the same map whose target is Ω 2 (L 3 ) ⊕ Ω 3 exact (L 3 ): 
has the following form (4.17) ∂F 1 | (0,0) (β, g) = (dβ − 3 * β + * dg, −3d( * β)).
Proposition 4.6. We have ker ∂F 1 | (0,0) = ker ∂F | 0 × R.
Proof. Using the Hodge decomposition we write
From (4.18), using the Hodge decomposition, it follows that
Note that (4.19) is equivalent to * dα ∈ ker ∂F 1 . This completes the proof of Proposition 4.6. . Recall that Ω * 0 (L 3 ) denotes the space of harmonic forms on L 3 . We have the following diagram, using the Hodge decomposition.
Since ∂F 1 | (0,0) (df, −3f ) = (0, 3d( * df )), using the Hodge decomposition for Ω 3 (L 3 ) and Ω 2 (L 3 ), we obtain
A direct computation shows that 
Set
Ob
The discussion above yields
Denote by π 1 (resp. π 2 ) the projection of the RHS of (4.24) to the first factor (resp. the second factor) in RHS of (4.24). We define a smooth map
where π is the projection to the first factor.
Proof. To prove Theorem 4.8, we use the implicit mapping theorem for Banach spaces. The Banach spaces under consideration are the completion
The map F 1 is extended to a smooth map F k 1 between the completion of the spaces under consideration. Since F 1 is elliptic, for all k ≥ 4 we have (4.25) ker ∂F
We write
The implicit mapping theorem says that, there exists an open neighborhood U 1 (0) ⊂ ker ∂(π 1 • F 1 )| (0,0) and a smooth map
for all x ∈ U 1 (0), see for instance [18, Theorem 5.9] . It follows that
Proposition 4.9. Let L 3 be a smooth compact Lagrangian submanifold in an analytic strictly nearly Kähler 6-manifold M 6 .
1. Then L 3 is also an analytic submanifold of M 6 . 2. Assume that Exp s α(t) is a smooth Lagrangian deformation of L 3 for some α(t) ∈ Ω 1 (L 3 ) × (−ε, ε). Then α(t) can be written as a convergent power series α(t) =
Proof. First we note that any Lagrangian submanifold L 3 ⊂ (M 6 , J, g) is a minimal submanifold in (M 6 , g). This implies the first assertion of Proposition 4.9 from the Morrey regularity theorem for vector solutions of class C 1 of a regular variational problem [28] (cf. [12, IV.2.B]). Now assume that s α(t) is a smooth Lagrangian deformation of L 0 . Let us consider the following map
Since the image Exp•s(L 3 ×(−ε, ε)) is a minimal submanifold in the analytic Riemannian manifold (M 6 × (−ε, ε), g ⊕ dt 2 ) the composition Exp •s is an analytic map. Since the map Exp −1 is analytic at each point in L 3 , and L 3 is compact, we can assume that t ∈ (−ε ′ , ε ′ ) is so small such that the maps is also analytic. It follows that α(t) can be written as a convergent power series at the zero section. Sinces is a smooth mapping, we obtain the second assertion of Proposition 4.9 immediately, noting that
dt k is smooth for each k and hence α k = L ω (s α k ) is also smooth. Now we shall say that a convergent power series (4.27) α(x, t) =
where
is a Lagrangian submanifold for all t ∈ (−ε, ε). Next, we shall find a necessary and sufficient condition under which a convergent power series in (4.27) is Lagrangian. Denote by π : L 3 ×(−ε, ε) → L 3 the canonical projection. We shall compute the valuẽ
Write α t (x) :=α(x, t). Since Exp is analytic at the zero section, we can write
To find ω k for k ≥ 2 it is necessary to compute the value
for all x ∈ L 3 we obtain
Let V (α,β) be the vector field associated with g (α,β) t , i.e.
Hence V (α,β) (x) does not depend on α. So we abbreviate V (α,β) as V β . By (4.32) for x ∈ L 3 we have
(To compute the RHS of (4.34) we can use the formula given in [13, Theorem 6.5].) Note that
Combining (4.32), (4.33) and (4.35) we obtain
Next, observe that
Lemma 4.10. The form ω k (α) depends only on the first k-terms α 1 , · · · , α k . More precisely, we have
Proof. We derive Lemma 4.10 from (4.30) by induction on k, using the following formula
, and taking into account (4.31) which implies that the vector fields L Vα i commute with each other.
We summarize our discussion in the following Theorem 4.11. Let L 3 be a compact Lagrangian submanifold in an analytic strictly nearly Kähler 6-manifold M 6 . Assume that Exp s αt , α t ∈ Ω 1 (L 3 ) is a Lagrangian smooth deformation of L 3 . Then there exists ε > 0 such that on (−ε, ε) α t can be written as a convergent sequence
where ω k (α 1 , · · · , α k ) = 0 for all k. Conversely, if α t is a convergent series such that ω k (α 1 , · · · , α k ) = 0 for all k then Exp s αt is a Lagrangian deformation.
An element α ∈ ker ∂F 0 | 0 is called smoothly obstructed, if there is no smooth deformation s t : L 3 → M 6 such that L ω (ṡ 0 ) = s α . An element α ∈ ker ∂F 0 | 0 is called smoothly unobstructed, if s α is an infinitesimal Lagrangian deformation, i.e. α is tangent to a smooth curve of Lagrangian deformations of L 3 .
To find a sufficient condition for an element α ∈ ker ∂F 0 | 0 to be smoothly obstructed or smoothly unobstructed we define the following Kuranishi map
Clearly, K is a symmetric, R-bilinear map. The construction of K is in a sense analogous to the construction of the Kuranishi map in [35] , see also [23] .
Proposition 4.12. Assume that (M 6 , J, g) is an analytic strictly nearly Kähler manifold. An element α ∈ ker ∂F 0 | 0 is smoothly obstructed, if there exists β ∈ ker ∂F 0 | 0 such that
If K(α, α) = 0 then α is smoothly unobstructed.
By Theorem 4.11, for t small, L 3 t can be written as the image Exp(α t (x)) for some convergent power series α t such that α 0 = 0 and α 1 = α. By Theorem 4.11 and Lemma 4.10
This implies that K(α, α) lies on the image of the map ∂F 0 . Hence the condition in (4.39) does not hold for α. This proves the first assertion of Proposition 4.12.
Now assume that K(α, α) = 0. Then α t (x) := tα is a convergent power series and ω k (α t ) = 0 for all k. By Theorem 4.11 the deformation Exp(α t ) is Lagrangian for small t.
This completes the proof of Proposition 4.12
We can construct other analogous Kuranishi obstruction maps, using
that is analytic at the zero section and satisfies D(x, 0) = x, ∂D (x,0) (v) = v for all v ∈ N x L 3 , or modify the construction slightly as follows. We lift the vector field s α to a vector fields α on the cone CL 3 ⊂ CM 6 as follows (cf. (2.4)) (4.40)s α (r, x) := (0, s α (x)) ∈ N (r,x) CL 3 .
We assume that the value r in (4.40) belongs to an open interval (1 − ε, 1 + ε). Denote byẼxp the Riemannian exponential mapping on the cone CM 6 . Note that N (r,x) T L 3 = N x L 3 . LetṼ α be the vector field defined on an open neighborhood U (CL 3 ) ⊂ CM 6 by (4.34) as V α but with respect to the Riemannian exponential mapẼxp (we shall see in the next subsection thatẼxp is much simpler than the map Exp). Recall that ϕ is defined in (2.4). Now we define a map
Lemma 4.13. Assume that (M 6 , J, g) is an analytic strictly nearly Kähler manifold. An element α ∈ ker ∂F 0 | 0 is smoothly obstructed, if there exists β ∈ ker ∂F 0 | 0 such that
IfK(α, α) = 0 then α is smoothly unobstructed.
Proof. Assume that α ∈ ker ∂F 0 | 0 and L 3 t (x) is a smooth deformation of
is a smooth coassociative deformation of C ε L 3 and hence this deformation is analytic in t. Now we write C ε (L 3 t ) =Ẽxp(sα (t,r,x) ), wherẽ
Since dẼxp (r,x) (v) = v for any v ∈ T (r,x) CL 3 = T x L 3 it follows that s α 1 (r,x) =s α (r, x).
Using the argument in the proof of Theorem 4.11 and Lemma 4.10 we have Comparing (4.39) with (4.44) we obtain immediately the first assertion of Lemma 4.13. Now assume thatK(α, α) = 0. Set
Then the smooth deformationẼxp(s αt ) is coassociative for each t. Since the metric on CM 6 is warped, the imageẼxp(s αt ) is a cone for each t. Hence the set {(1, M 6 )} ∩Ẽxp(s αt ) is a Lagrangian submanifold in M 6 for each t. This completes the proof of Lemma 4.13. (The expression in (4.45) after the transformation (e 1 → −e 1 , e 2 → −e 2 , e 3 → e 7 , e 4 → −e 3 , e 6 → −e 6 , e 7 → e 4 ) coincides with the expression given in (2.5).) The almost complex structure J 0 on the unit sphere
for p ∈ S 6 and u ∈ T p S 6 ⊂ Im O. Let g 0 denote the standard metric on S 6 as the unit sphere in Im O. It is well known that (S 6 , J 0 , g 0 ) is a nearly Kähler manifold. The group G 2 acts transitively on (S 6 , J 0 , g 0 ) with isotropy group SU (3). The simplest example of Lagrangian submanifolds in (S 6 , J 0 , g 0 ) is the geodesic sphere S 3 (1) in S 6 ⊂ Im O, that is defined by the intersection of S 6 with the coassociative 4-plane H ⊂ Im O. The geodesic sphere S 3 (1) is an orbit of the action of the maximal subgroup SO(4) 3,4 of the group G 2 and S 3 (1) is also an orbit of the actions of two non-conjugate subgroups of SO(4) 3,4 . Let us recall a description of the maximal subgroup SO(4) 3,4 of the group G 2 , whose representation on Im H ⊕ H is given as follows [12, Chapter IV (1.9)]
where (q 1 , q 2 ) ∈ Sp(1) × Sp(1). Let us denote by SU (2) 3,4 the Lie subgroup in SO(4) 3,4 ⊂ G 2 that is equal to {χ(q 1 , 1)| q 1 ∈ Sp(1)} and by SU (2) 0,4 the Lie subgroup in SO(4) 3,4 that is equal to {χ(1,
is also an orbit of SU (2) 3,4 and an orbit of SU (2) 0,4 . Denote by g 0 the Riemannian metric on S 3 (1) . In what follows we shall describe the eigenvalues of * g 0 d and the corresponding 1-forms on S 3 (1) and therefore we shall write * instead of * g 0 . Our description is based on the work by Folland [8] , which generalized previous results by Korany-Vagi and Reimann. In Folland's paper the sphere S 3 (1) is regarded as the quotient SO(4)/SO(3). The action of SO(4) on S 3 extends naturally to an action on the space Ω 1 (S 3 ) and its complexification Ω 1 (S 3 ) ⊗ C.
Denote by H m the space of complex homogeneous harmonic polynomials of degree m on R 4 = C 2 = H. We write z 1 = x 4 + ix 5 and z 2 = x 6 + ix 7 . It is known that H m is SO(4)-invariant and irreducible under the action of SO(4). Its highest weight is (m, 0) and its highest vector is z m 1 . Denote by Λ 2 + the space of constant self-dual 2-forms on R 4 = H. The orientation on H = C 2 is given by the oriented frame (e 4 , e 5 , e 6 , e 7 ). Set (1) . ThenK(α, α) = 0. Hence α is smoothly unobstructed. The Lagrangian sphere S 3 (1) is rigid up to the motion of the automorphism group G 2 of (S 6 , J 0 , g 0 ).
Proof. Let s α be a formal Lagrangian deformation of S 3 (1). By Corollary 4.3 and Proposition 4.14 α belongs to Φ 2 . The Weyl formula implies that the dimension of Φ 2 is equal to 8. By Corollary 3.13, s α is a Jacobi field. Denote by V 3,4 the orthogonal complement to the Lie algebra so(3) ⊕ so(4) in so (7) w.r.t. the Killing metric, where so(3) is the Lie algebra of SO(Im H) and so(4) is the Lie algebra of SO(H). Elements in V 3,4 generate Killing vector fields on S 6 whose value at S 3 (1) are non-trivial Jacobi fields on S 3 (1) . Note that we also have the orthogonal decomposition g 2 = so(4) 3,4 + R 8
1 .
(From now on we always omit "Killing" when we say about a metric on so(7) and its compact Lie subalgebras.) Lemma 4.16. The subspace R 8 1 belongs to V 3,4 . Any formal Lagrangian deformation s α is generated by a Killing vector field associated with an element in R 8 1 . Proof. We consider so(7) as a so(4) 3,4 -module. Using the table 5 in [34] it is not hard to decompose so(7) into irreducible components as follows (4.47) so(7) = su(2) 3,4 ⊕ su(2) 0,4 ⊕ R
where -su(2) 3,4 , su(2) 0,4 ⊂ so(4) 3,4 are the Lie algebra of SU (2) 3,4 and SU (2) 0,4 respectively, -R 3 1 is the orthogonal complement to so(4) 3,4 in so(3) ⊕ so(4), -R 8 ⊕ R 4 is the decomposition of V 3,4 into irreducible components.
Since R 8 1 is a so(4) 3,4 -module, which is orthogonal to su(2) 3,4 ⊕ su(2) 0,4 , we conclude that R 8 = R 8 1 . This proves the first assertion of Lemma 4.16. The second assertion follows from the fact that Killing fields generated by α ∈ R 8 1 are infinitesimal Lagrangian deformations of S 3 (1). Now assume that s α is a formal infinitesimal deformation of S 3 (1) associated withᾱ ∈ R This proves the second assertion of Theorem 4.15.
The last assertion of Theorem 4.15 is a consequence of the fact that s α are generated by elements in g 2 .
Remark 4.17. The rigidity of the Lagrangian sphere S 3 (1) also follows from the Simons rigidity theorem which states that each geodesic sphere in S n is rigid as minimal submanifold up to the motion of the isometry group SO(n + 1) [37, Theorem 5.2.3].
We now examine another homogeneous Lagrangian submanifold, the "squashed" sphere L 3 1 in (S 6 , J 0 , g 0 ). This example has been first considered by HarveyLawson in [12, Chapter IV Theorem 3.2] and then later by many others [26] , [5] , [25] . It is the orbit of SU (2) that the eigenvalues of ( * g d) with respect to a left-invariant Riemannian metric g coincide with the eigenvalues of * g 0 d after multiplication the latter ones with the ratio vol(SU (2), g)/vol(SU (2), g 0 ). Here g 0 is the standard round metric of curvature 1 on S 3 (1) = SU (2) that has been induced from the Riemannian metric g 0 on S 6 ⊂ Im O. Straightforward calculations yield that vol(L 3 1 )/vol(S 3 (1)) = 2/3. Taking into account Corollary 4.3 and Proposition 4.14, this implies the first assertion of Theorem 4.18. To prove the second assertion it suffices to observe that the each normal vector to T x L 3 1 , for each x ∈ L 3 1 , is the value of some Killing vector field generated by elements in g 2 . This completes the proof of Theorem 4.18 
